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This paper is a continuation of [4], whose notations and references we shall 
preserve. 
10. In [4] we have associated with each Weyl group W a set Yw of 
irreducible representations of W. In [6] these representations were called 
special. They are very closely connected with the question of classifying 
primitive ideals in enveloping algebras (see [1], [2], [7]). Our purpose here is to 
define in an elementary way an equivalence relation on the set of irreducible 
representations of W such that each equivalence class contains a unique special 
representation. To do this, we first define some (not necessarily irreducible) 
representations of W. We shall call them cells. We require that cells are 
preserved by two operations: tensoring by the sign representation a d by some 
kind of " induction" from proper parabolics of W. The cells are the smallest 
class of representations of W preserved by these operations, if we require that, 
for W= {e}, the unit representation is a cell. The cells have some very agreeable 
properties. It is likely that they are exactly the representations of W associated 
with the various left cells (in the sense of [3]) of W. 
11. Let WI(ICH) be a standard parabolic subgroup of W. Let Ei be an 
irreducible representation f WI. According to Lemma 4, for any irreducible 
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W-submodule E of Ind Wi(E1) we have t2e~-< t~e. We now define 
E1 = J~(E1) = ~ (El, IndWl(El))wE 
sum over all irreducible representations E of IV such that ae = ae~. It is easy to 
see that J~(E1)q:O. In fact, fie1 (X) and fie1 (X) have the same lowest power of 
X with the same coefficient. (The polynomials Pe(X), f ie(X) were defined in 
Sec. 1 only for irreducible Ei; we define them for arbitrary E by linearity.) 
w The analogue for the Chevalley group G(q) of the operation Jwl would be 
to start with an irreducible representation of P1(q) contained in IndP(/qc~)(1), 
induce it to G(q) and then take the part consisting of all representations which 
are as "small" as possible. 
We also define J~(El ) ,  by linearity, for a not necessarily irreducible 
representation. This operation is transitive in an obvious sense. 
We now define the cells of IV. If IV= {e} there is only one cell: the unit 
representation. Assume now that W~ {e} and that for any I~  zt, the cells of WI 
have been already defined. The cells of W are by definition the representations 
of form J~(cl)  and those of form J~(c0®ew,  where I runs through the 
subsets of H (other than 17) and cl runs through the cells of Wt. (Here ew is the 
sign representation f W.) 
We shall say that J~(c~) (1=/=1-1) is induced. (We can then assume that 
1II = IHt  - 1.) If, in addition, Jr ,(El) is irreducible for each irreducible com- 
ponent E1 of cx, we say that J~(cl)  is smoothly induced. 
In the case where IV is a product of irreducible Weyl groups WI ..... Wm, the 
cells of Ware clearly just the tensor product c1®"" ®Cm where ci is a cell of W~. 
11. We shall now describe the cells of W for any irreducible Weyl group W. 
Type A n- 1. The cells o f  W are exactly the irreducible representations of W. 
Type B n. Let Z be a sequence Zo <-z~"" <-Z2m of integers >_0, in which there 
2rn are no consecutive equalities and such that Z/=0 zi = n + m 2 (m arbitrary). We 
consider an arrangement 4 of Z into m disjoint pairs and one isolated element. 
We say that 4 is admissible for Z if it has the following properties: (a) whenever 
Zi=Zi+ 1, Zi must be in the same pair as z;+ 1. 
(b) If Z is obtained from Z by removing all members which occur twice, then 
the arrangement of Z induced by 4 is admissible for Z. 
(c) If there are no equalities in Z and m_> 1 then there exists i such that zi, zi+ 1 
are in the same pair in 4 and the corresponding arrangement for the sequence Z 
obtained from Z by removing zi, zi+l is admissible for Z. (Here we assume that 
admissibility is already defined for sequences horter than Z, and that for 
m = 0, the unique arrangement of Z is admissible.) 
We shall regard (Z, 4) as being equivalent to (Z', 4 ' )  where Z' is the sequence 
O<O<zo+l<_zl+l<_...<_Z2m+l and 4 '  consists of (0,0) and the pairs 
(Zi + 1, zj + 1), where (zi, z j )e  4.  (Or rather, we make this relation transitive). 
(11.1) There is 1 - 1 correspondence between the set of  cells of  W and the 
set of  pairs (Z, 4 )  as above (4 admissible), up to equivalence. The cell corres- 
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ponding to (Z, ~b ), (Z : Zo <- zl <-"" <- Z2m) is c(Z, tp ) = ~ E A where A runs through 
the set of  symbols t~<<~+~ , u~ "'<Um " such that {1~1 ... . .  I~m} contains a number in 
each pair (zi, zj) in • and 2j . . . . .  )~m+l is obtained from Z by removing 
/~ . . . . .  ~m. It is clear that the sum has 2 ~ terms where 2r+ 1 is the number of zi 
which appear exactly once in Z. These 2 r terms are mutually distinct irreducible 
representations and exactly one of them is special: it corresponds to 
Ao= ( Z°'Z2 ..... Z2ml/" 
\Zl, Z3, ..., Z2m-  
(11.2) Note that c(Z, qs)®ew=c(Z, q~) where (Z, q~) is defined as follows. 
Choose t>_0 such that Zzm~-~ t. Let Ybe the sequence obtained from 0_<0_< 1 _< 
_< 1 _< 2 _< 2 _<... _< t_<t by removing all numbers in Z (with their multiplicity) and 
let Z be obtained from Y by replacing each number in y in Y by t -y ,  and 
arranging these numbers in increasing order. There is a natural 1 -  1 corres- 
pondence z~t -z  between the set of numbers which appear exactly once in Z 
and the corresponding set for Z. Using this 1 - 1 correspondence, we transport 
¢b to Z and we get an admissible arrangement ~ for Z. We now describe the 
behaviour of the representations c(Z, ~)  under the operation jw  r Assume that 
W/is the maximal parabolic subgroup of W of type A ~_ 1 × Bp (r +p = n), and let 
~ ,  W' be the two factors of WI. We consider a sequence Z':z6<__Z'l<_...Z~m 
of integers _>0 in which there are no consecutive qualities and such that 
F. z~= p + m 2. Let ¢b' be an admissible arrangement for Z'. We assume that 
2m + 1 _> r. (We can always realize this by replacing (Z', ~)  with an equivalent 
t t t ! 
pair.) Let Z be the sequence Zo < _ . . .  ~Z2m_r< Z2m_r + l -{- 1 <-- . . .  ~ .Zzm 4: - 1. This is 
in a natural bijection with Z '  and we define an admissible arrangement ~b for 
Z by transporting ~b' via this bijection. We then have 
(11.3) jwW,(er®c(Z ', ~')) = c(Z, as) 
where er is the sign representation f @r (e~ = unit representation if r = 1). (This 
induction is smooth if r=2m+l  or if r<2m+l  and Z2m-r<Z2m-r+I; 
otherwise, it is not smooth.) We may assume that n >_ 2 and that (11.1) is proved 
for n',l<_n'<n. Using (11.2), (11.3) and transitivity of the J-operation, 
we see that any cell of W is of the form c(Z, ~b). Conversely consider a pair 
(Z, q~) as in the statement of (11.1). We want to show that c(Z, ~b) is a cell. We 
may assume that 0 doesn't occur twice in Z. Let to be the largest number in Z. If  
some number i, 0_< i< t 0, doesn't appear in Z, then c(Z, ~b) is smoothly induced 
(see (sec. 10)) from a cell of WI of type Ar_l×Bp where r _ l  is such that 
Z2m_r•i•Z2m_r+l (which implies r<_n) and p=n- r ;  hence c(Z,q~) is a cell. 
Consider Z, ¢b as in (11.2) defined with respect o t = t 0. Then 0 doesn't appear 
twice in Z and to is the largest number in Z. If  some number i, 0 <__ i< to doesn't 
appear in Z, then c(Z, ~)  is again smoothly induced from a cell of a maximal 
parabolic subgroup; thus c(Z, ~)  is a cell and hence c(Z, ~)  is a cell. Thus, we 
may assume that both Z and Z contain all numbers between 0 and to. It follows 
that each of these numbers occurs exactly once in Z, i.e. Z is the sequence 
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0< 1 <2< ... < to. (In this case, t=2k ,  n=k2+k) .  Again, using (11.3) and the 
definition of an admissible arrangement we see that c(Z, ~)  is induced (non- 
smoothly) from a cell of a maximal parabolic subgroup. 
Type Dn. Let Z be a sequence z~ < z2 <-'" < Z2m of integers _>0 in which there 
2"  are no consecutive qualities and such that Ei: l  zi= n +m 2-  m. (m arbitrary). 
We define the notion of admissible arrangement ¢ of Z in the same way as for 
type Bn, except for the fact that now we have m disjoint pairs of elements of Z 
and no isolated element. We define an equivalence relation for the pairs (Z, ~)  
as for type B n. In the case where some number occurs in Z exactly once, we 
define 
c(Z, ~)  = ~E A 
• 21<" '<2m where A runs through the set of unordered pairs (m <-  <l,,,) such that { al  .. . . .  Pro} 
contains one number in each pair (zi, zj) in ~ and 21 .. . . .  2,. is obtained from Z 
by removing Pl . . . . .  Pro. This sum has 2 r-1 terms, where 2r is the number of 
zi which appear exactly once in Z. These 2 r- 1 terms are mutually distinct 
irreducible representations and exactly one of them is special: it corresponds to 
Ao= (Zl <Z3 < "" <Z2m- l ~ 
\ Zo<Z2<'"<Z2m ,/" 
In the case where Z is of the form zl = z2 < z3 = z4 < ' "  < z2"-  1 = z2", there is a 
unique admissible arrangement • for Z, and we set 
c(Z, (I) )I = E A(1) c(Z, fI) )II = E A(II) 
where E a(t}, E ACII) are the two irreducible representations of Wcorresponding to
A = (ZlZ3Zs "" Z2m- I ~. 
\ZlZ3Z5 "'" Z2m- I/ 
(These are special representations of W.) 
The cells o f  W are exactly the representations c(Z,¢ ) ,c(Z,¢) J ,c(Z,~) u 
described above. 
This can be seen in the same way as for type Bn; the only additional fact 
needed here is that when c(Z, ¢)l, c(Z, ¢)11 are defined, they are obtained by the 
J-operation from an irreducible representation f  one of the maximal parabolic 
subgroups of type An-1. One can see again that, all cells other than c(Z, q~) 
where Z is 0 < 1 <. . .  < to (to = 2k -  I, n = k 2) have the property that they (or their 
tensor product with ew) are induced from a cell of a maximal parabolic 
subgroup of IV. 
When W is exceptional, we Shall denote the irreducible representations of W 
as in [5]. I am grateful to Dean Alvis for providing me with tables describing the 
multiplicities in the restriction of an irreducible representation f an exceptional 
Weyl group to a maximal parabolic subgroup. 
Type G2. "['he cells are: 
1, Lo + Q'+ e', Q + Q'+ e', e. 
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Type F4. The cells are: 
~'I,D 
X 4, 2 -l- )~ 2,1, ~ 4,2 + )~ 2,3, 
X9,1, 
X8,1, 
Z8,3, 
the tensor products of the previous cells with ew, and: 
XI2,1 + X16,1 + Z9,2 + ,'~6,1 + X4,3, 
Z12,1 + X 16,1 "{- X9,3 "b X6,1 q- X4,4, 
X12,1 + XI6,1 + 2" Z9,2 +X6,2 +)~4,3 + XI,2, 
Z12,1 + X16,1 + 2X9,3 +X6,2 X4,4 +Xl,3, 
Z12,1 +2X16,1 + X9,2 + Z9,3 + X6,2+ X4, 1 • 
Type E 6. The cells are: 
lp, 
6p, 
20p, 
30p+ 15m 30p+ 15q, 
64p, 
60p, 
81p, 
24p, 
the tensor products of the previous cells with ew, and 80s+2.90s+20s, 
80s + 60s + 10s, 80s + 90s + 60s. 
Type E 7. The cells are: 
la, 
7'a, 
27a, 
56"a+ 35b, 56'a+ 21a, 
21~, 
t ! 120a+ 105a, 120a+ 15a, 
189~, 
210Q, 
105b, 
168a, 
189~, 
315'a+ 2. 280a+ 35'a, 315'a + 280b+ 70'a, 315'a + 280a+ 280b, 
405a + 216a, 405a + 189a, 
378'a, 
210b, 
! 
420a + 336a, 420a + 84 a, 
105o 
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the tensor products of the previous cells with ew, and 
512a+512~. 
Type E8. The ceils are: 
lx, 
8z, 
35x, 
112 z + 84x, 112 z + 28x, 
210x+ 160 z, 210x+ 50x, 
560z, 
567x, 
700x + 400 z, 700x + 300x, 
1400z + 2. 1008z + 56 z, 1400z + 1344x+ 448 z, 1400z + 1008z + 1344x, 
1400x+ 2. 1575x+ 350x, 1400x+ 1050x+ 175x, 1400x+ 1575x+ 1050x, 
3240z, 
2268x+ 1296 z, 2268x+ 972x, 
2240x + 1400zz, 2240x + 840 z, 
4096 z+ 4096x, 
525x, 
4200x + 3360z, 4200x + 840~, 
2800 z+ 2100x, 2800z + 700x~, 
4536z, 
2835x, 
6075x, 
4200z, 
5600 z+ 3200x, 5600 z+ 2400 z, 
the tensor products of the previous cells with ew, and 
210% 
4480y+ 4200y + 2. 4536y+ 2. 5670y+ 1400y + 2688y+ 1680y + 2. 7168w 
+ 2. 5600w, 
4480y + 3150y + 4200y + 4536y + 5670y + 2688y + 2.7168 w + 2016 w 
+ 5600w, 
4480y + 3. 4536y+ 3. 5670y+ 2. 1400y + 3. 1680y+ 70y+ 7168w 
+ 2. 5600w + 448w, 
4480y+ 3150y+ 4536y+ 2. 5670y+ 1134y+ 1680y+ 7168w+2. 5600w 
+ 448 w, 
4480y + 2- 4200y + 4536y + 5670y + 1400y + 168y + 7168w + 1344w 
+ 5600w, 
4480y + 3150y+ 4200y + 5670y + 1134y+ 7168w+ 1344w+ 5600w, 
4480y+3150y+4200y+420y+7168w+ 1344 2016w. 
12. We shall now state some properties of cells, which follow easily from 
the description i  the previous ection. 
a) Every irreducible representation f Wis a component of some cell. 
224 
b) Every cell contains a unique special representation (with multiplicity 
one). 
c) Two cells have a common irreducible component if and only if they have 
the same special component. 
We can therefore define an equivalence r lation on the irreducible representa- 
tions of W: two irreducible representations E,E'  of W are equivalent if there 
exist cells c, c' such that E occurs in c, E'  occurs in c' and c, c' have a common 
special component. Clearly, the equivalence classes are in 1 - 1 correspondence 
with the set of special representations of W. 
This equivalence relation has the following interpretation i terms of the 
Chevalley group G(q), at least for large q. Two irreducible representations E,E' 
of W are equivalent according to the previous definition, if and only if the 
corresponding representations Eq, Eq of G(q) both appear with a non-zero 
coefficient in some RE., (an element in the Grothendieck group of virtual 
representations of G(q), tensored with Q, defined in [5, (1.1.1)] for an 
irreducible representation E" of W). 
This follows from [5] in the case where G is exceptional; for classical G, this 
is contained in a paper in preparation. Moreover, the following holds. 
Let c= ~7=~ miEi be a cell of W. (E i are  irreducible representations of W 
appearing with multiplicity mi>_ 1 in c.) We have the identity (for large q): 
(12.1) ~ mi(Ei)q= ~ miREi. 
i=1 i=1 
Taking dimensions in the two sides of (12.1), we have the identity: 
d) Pc(X)=Pc(X). 
Moreover, 
e) Pc(X) is of the form X~(C)+ ... +X A(c) (a<_A) where the dots represent 
terms involving XJ with a(c) < j <A(c). For each component E i of c, we have 
P-Ei(X)=-~iixa(c)+ "'+-~ii XA(c) 
(Ni > _ l) where, as before, the dots represent terms involving X j with a(c)< 
<j<A(c). 
13. The concept of cells can be also defined in the case where Wis a finite, 
not necessarily cristalographic Coxeter group. The definition is exactly the same 
as before: note that the fie(X) associated with an irreducible representation E 
of W can be defined purely in terms of the con:esponding Hecke algebra. 
(However, the fact that they are polynomials i not a priori clear.) For example, 
if W is a definite dihedral group of order 4n + 2 (n_> 1), W has exactly 3 cells: 
one is the identity, the other is the sign representation a d the third is the sum of 
all 2-dimensional irreducible representations of W. If W is a finite dihedral 
group of order 4n (n_>2), W has exactly 4 cells: one is the identity, the other is 
the sign representation; the third one (resp. fourth one) is the sum of e ~ (resp. 
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e") with all 2-dimensional  irreducible representat ion of W, where e', e" are the 
one-dimensional  representat ion other than 1 and sign. 
Next, we consider the case where Wis  of  type H 3. Then Whas  10 irreducible 
t t 
representat ions.  We shall denote them: 1, 3a, 3b, 5, 4, 4', 5', 3a, 3b, 1'. The corres- 
ponding polynomials  /Se(X ) ("gener ic  degrees")  are given by the fol lowing 
formulas:  
151(X) = 1, /51,(X) =X 15 
/~3a(X) ---/~3b(X) ----- S(1 + X 2 + X 4) (X2 - O9)(X2 - o9 - 1) 
(1 - 09) (1  - co -1 )  
(where o9 = e 2'~i/5 and ^  is the automorph ism of  Q(og) which sends o9 to o92) 
P3,a(X)~- ~3,o(X)= XSP3a(X) 
/:~5 (X) = X2.-[- X4...b X6 + XS-I- X 10 
/~5,(S) =X5..i-X7.at-x9+g 11q-g  13 
/54(X) =/~4,(X) = ½X3(X+ 1)(S3 + 1)( XS+ 1). 
The cells are: 
1, 3a + 3b, 5, 4 + 4', 5', 3'a+ 3~, 1'. 
REFERENCES 
1. Barbasch, D. and D. Vogan - Primitive ideals and orbital integrals in complex classical groups, 
manuscript, M.I.T., 1980. 
2. Joseph, A. - Goldie rank in the enveloping algebra of a semisimple Lie algebra, J. of Algebra, 
1980. 
3. Kazhdan, D. and G. Lusztig - Representations of Coxeter groups and Hecke algebras, Invent. 
Math. 53, 165-184 (1979). 
4. Lusztig, G. - A class of irreducible representations ofa Weyl group, Proc. Kon. Nederl. Akad., 
A, 82(3), 323-335 (1979). 
5. Lusztig, G. - On the unipotent characters of the exceptional groups over a finite field, Invent. 
Math. 60, 173-192 (1980). 
6. Lusztig, G. - Some problems in the representation theory of finite Chevalley groups, Proc. 
A.M.S. Institute on Finite Groups, 1979. 
7. Vogan, D. - Primitive ideals in F4, unpublished manuscript. 
226 
